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Three photon decay rate of J/ψ is studied using two Nf = 2 twisted mass gauge ensembles
with lattice spacings a ' 0.085 fm (I) and 0.067 fm(II). Using a new method, only the correlation
functions directly related to the physical decay width are computed with all polarizations of the
initial and final states summed over. Our results for such rare decay on the two ensembles are:
BI,II(J/ψ → 3γ) = (1.614 ± 0.016 ± 0.261) × 10−5, (1.809 ± 0.051 ± 0.295) × 10−5 where the first
errors are statistical and the second are estimates from systematics. We also propose a method to
analyze the Dalitz plot of the corresponding process based on the lattice data which can provide
direct information for the experiments.
Introduction – The rare decay J/ψ → 3γ, analog
to Ortho-positronium decaying to 3γ in quantum elec-
trodynamics (QED) [1], can provide a high precision
test for the non-perturbative quantum chromodynamics
(QCD) [2] because of the charmonia scale in strong in-
teraction [3]. Despite decades of effort, such a rare decay
had not been observed by experimentalists until 2008,
the CLEO collaboration measured the branching frac-
tion B(J/ψ → 3γ) = (1.2 ± 0.3 ± 0.2) × 10−5 for the
first time [4]. With the help of much larger J/ψ samples,
BESIII Collaboration obtained a more accurate result
(11.3±1.8±2.0)×10−6 in 2013 [5]. Both the unavoidable
system errors come from the uncertainty of the number
of ψ(3686) and decay process B(ψ(3686) → pi+pi−J/ψ),
which undertook the most data set contributions.
On the theoretical side, using perturbative methods,
the modern tools of treating the quarkonium physics
is nonrelativistic QCD (NRQCD) factorization [6], in
which the decay rate of J/ψ → 3γ is parameterized in
terms of lowest order NRQCD J/ψ-to-vacuum matrix el-
ement plus relativistic corrections 〈v2〉J/ψ [7]. However,
when going to higher orders, both the inconsistency be-
tween theory and experiments and divergence puzzle in
higher order radiative corrections [8] indicate that the
NRQCD may break down for predicting J/ψ → 3γ de-
cay rate. Therefore, it is fair to say that, even after three
decades, the understanding of the process J/ψ → 3γ
within NRQCD has not improved much when compared
with the situation in early 1980s [9–11].
So, it is of great significance to seek new methods. In
this letter, we propose to use lattice QCD as such an
alternative and we present the first exploratory compu-
tation of J/ψ → 3γ decay width using two ensembles of
gauge field configurations. Using lattice QCD, one usu-
ally evaluates the matrix element of interested interpo-
lating operators with correct quantum numbers between
hadronic states. Although photon itself is not an eigen-
state of QCD, regarding the photon as a superposition
of QCD eigenstate and adoping the electromagnetic cur-
rent Jµem as photon interpolating operators has been pro-
posed already [12] which has been widely used in pho-
ton structure functions [13], radiative transition [14] and
two-photon decays in charmonia [15,16].
Method – We start by expressing the amplitude of
J/ψ → 3γ in terms of the appropriate four-point func-
tion using Lehmann-Symanzik-Zimmermann reduction
formula, integrating out the photon fields perturbatively
and continuing the resulting expression to Euclidean
space analytically. This process introduces the pho-
ton virtualities Q2i = |qi|2 − ω2i (for more details, see
Ref. [15]), we then arrive at the following final result for
the four-point function that is relevant for the process
J/ψ → 3γ,
M(tf , t; t
′, ti) = lim
tf−t→∞
e3
µ(q1, λ1)ν(q2, λ2)ρ(q3, λ3)α(p, λ0)
ZJ/ψ(p)
2EJ/ψ(p)
e−EJ/ψ(p)(tf−t)
∫
dt
′
e−ω2|t
′−t|
∫
dtie
−ω1|ti−t|
×
〈
0
∣∣∣∣T {OαJ/ψ(0, tf )∫ d3zeiq3·zjρ(z, t)∫ d3yeiq2·yjν(y, t′)∫ d3xeiq1·xjµ(x, ti)}∣∣∣∣ 0〉 . (1)
Here the four polarization vectors: µ, ν , ρ and α correspond to the three final photons and the initial
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2J/ψ particle, respectively, with the polarizations labelled
by λ1, λ2, λ3 and λ0. The analytic continuation from
Minkowski to Euclidean space here works out as long
as the virtualities of three photons are not too time-
like to produce on-shell vector hadrons. More specifi-
cally, Q2i = |qi|2 − ω2i > −M2V where MV is mass of
the lightest vector meson. The correlation functions ap-
pearing in the above equation can be evaluated in lat-
tice QCD in terms of quark propagators. In this ex-
ploratory calculation, we have neglected the disconnected
diagrams. For simplicity, we denote the matrix ele-
FIG. 1. Connected diagram computed for the process J/ψ →
3γ.
ment in Eq. (1) as M = µνραMµνρα and introduce
T ≡ |M |2 = 13
∑
µνρσ |Mµνρσ|2 which will be called T -
function in the following. As we will see, T function
represents a distribution of physical partial decay width
in terms of a pair of kinematic variables. Each Mµνρα
can be computed on the lattice using the fact that M
is independent of the time t, as long as |tf − t| is large
enough. For simplicity, we have used the local current
jµ(x) = c¯(x)γµc(x) for the charm quark which can be
renormalized by a multiplicative factor ZV . In real sim-
ulations, plateau behaviours are searched for to extract
the values of M in various cases. The current coupling to
first photon is fixed at ti, other two are placed at t
′
and
t, respectively and J/ψ meson is fixed at tf (as shows in
Figure. 1). The integrals in Eq. (1) are also replaced by
corresponding trapezoidal summations.
In conventional lattice computations, for example in
the decay of ηc → γγ etc., the hadronic matrix element
such as Mµνρα is further decomposed into various form
factors which are functions of the virtualities Q2i . By
fitting the matrix element at different Q2i with a particu-
lar functional form, one arrives at the complete off-shell
form factors and finally the physical decay width can be
obtained by setting all virtualities to the on-shell values,
namely Q2i = 0, yielding the final decay rate. In our
case, the form factor decomposition is way too compli-
cated. In the study of 3γ decays of Z and the positron-
ium, people have worked out the decomposition in per-
turbation theory [17,18]. However, there is no guarantee
that these perturbative decomposition will also work in
QCD. Therefore, we will proceed in another way. We will
be satisfied with the physical decay width only. That is
to say, we will be only interested in the on-shell matrix el-
ement. Thus, we can perform the summation over polar-
izations of the initial and final particles first, and only the
on-shell matrix element will be computed on the lattice.
Due to Ward-identities of the currents, the summation
over polarizations of the photons yields the Minkowski
metric, e.g.
∑
λi
(µ(qi, λi)
∗
µ′(qi, λi)⇒ −gµµ′ . The sum-
mation over the initial polarization of J/ψ yields the
same if we take the rest frame of the particle. Therefore,
we have
∑
λi
|M|2 = ∑µνρα |Mµνρα|2. In our actual
simulations, we sum over all polarizations (altogether 192
possibilities) of M.
The decay width of J/ψ → 3γ in J/ψ center of mass
frame can be expressed as,
Γ(J/ψ → 3γ) = 1
3!
1
2MJ/ψ
∫
d3q1
(2pi)32ω1
d3q2
(2pi)32ω2
d3q3
(2pi)32ω3
(2pi)4δ(p− q1 − q2 − q3)|M|2
=
mJ/ψ
1536pi3
∫ 1
0
dx
∫ 1
1−x
dyT (x, y) (2)
where x, y are two dimensionless variables in the range
[0, 1], defined as x ≡ 1 − 2q2 · q3/M2J/ψ, y ≡ 1 − 2q1 ·
q2/M
2
J/ψ. It is easily checked that they fall into the right-
upper triangle of the unit square in the xy-plane, i.e. sat-
isfying : x ∈ [0, 1], y ∈ [1 − x, 1]. In the continuum, the
on-shell decay pattern are normally parameterized by the
so-called Dalitz plots, which can be obtained from the T -
function T (x, y). Due to the discreteness of the momenta
on the finite lattice, it is impossible to exactly impose
on-shell condition for all particles, making the on-shell
quantity T (x, y) not directly accessible. Instead, the on-
shell conditions for the particles can be done as follows:
We first put the J/ψ particle and at least one final pho-
ton on shell, keeping the other two photons as close to
on-shell as possible by adjusting their three momenta. It
is found that this still introduce some non-vanishing vir-
tualities to the other photons. With these non-vanishing
but small virtualities, the matrix element can be com-
3puted directly on the lattice, the norm of which we denote
as T (x, y,Q21, Q
2
2, Q
2
3). This differs from the T -function
only because of the fact that some of the photons are
still not on-shell. We then try to estimate the on-shell
quantity, the T -function T (x, y), by the following fitting
formula,
T (x, y,Q21, Q
2
2, Q
2
3) = T (x, y) + const×
∑
i
Q2i (3)
for |Q2i |  1 where everything is measured in lattice
units. We expect such behavior since the final three pho-
tons are identical.
The Eqs. (1), (2) and (3) constitute the central part
of this letter. As pointed out already, different from the
conventional method, we have intentionally avoided the
amplitude parameterization for J/ψ → 3γ, though it has
the similar structure as Z → 3γ [17] and the positronium
to 3γ decay [18]. Because all the form factors introduced
in the amplitude parameterizations are scalar functions of
three-photon momenta, permutations of these momenta
then lead to more form factors, rendering the computa-
tion of all of these form factors too costly. In the case of
three-body decay, what is really measured in the exper-
iments are the so-called Dalitz plots of the final states.
Dalitz plot represents the distribution of the partial de-
cay width in two independent kinematic variables. In
the case of three-photon decay of J/ψ, this is taken to be
the largest and the smallest two-photon invariant mass
values, denoted as M(γγ)lg and M(γγ)sm, respectively,
among three combinations for the final photons. We will
call them the Dalitz variables in the following. These
two Dalitz variables are directly related to the kinematic
variables (x, y) that we introduced. To be more specific,
we have,
M(γγ)lg/sm
MJ/ψ
=
max
min
{√
1− x,
√
1− y,
√
x+ y − 1
}
,
(4)
where the upper/lower line on the right corresponds to
the case of M(γγ)lg/M(γγ)sm, respectively. Thus, the
Dalitz plot for the three-body decay is directly related to
the on-shell T -function T (x, y) that we aim to compute
on the lattice.
Simulations And Results – Our lattice calculation is
performed using two Nf = 2 flavour twisted mass gauge
field ensembles generated by the Extended Twisted Mass
Collaboration (ETMC) with lattice spacing a ' 0.067 fm
and 0.085 fm, respectively [19]. Relevant information for
these are listed in Table. I.
The conventional sequential method has been adopted
to calculate the four-point functions. Two sequential
sources are placed close to J/ψ meson, and the contrac-
tion is performed on the furthest current. After the in-
tegration (summation) of time slice ti and t
′
, the matrix
element Mµνρα, being a function of time slice t, can be
TABLE I. Information for the gauge ensembles.
Ensemble β a(fm) V/a4 aµsea mpi(MeV) Nconf
I 3.9 0.085 243 × 48 0.004 315 40
II 4.05 0.067 323 × 64 0.003 300 20
obtained on the lattice. We have chosen 4 sets of pho-
ton three-momenta with suitable photon virtualities Q2i
in Ens.I and 3 in Ens.II . In Fig. 2, typical plateau behav-
iors for the four-point function Mµνρα are shown in the
case of µνρα = 4141. The data points with errors are the
results from the simulation and the errors are estimated
using jackknife method. Other cases are similar.
FIG. 2. Four-point functionMµνρα as function of t. 4 sets of
photon momenta in Ens.I(left) and 3 sets in Ens.II(right) are
chosen to ensure discrete data points of T (x, y) can cover the
integral region x ∈ (0, 1), y ∈ (1 − x, 1) under the condition
that all virtualities are small.
FIG. 3. The interpolated T -function T (int)(x, y) are shown.
As is seen from Fig. 2, although only 4 sets of photon
three-momenta in Ens.I and 3 in Ens.II are considered,
the physical amplitude is invariant under the photon ex-
change (qi, λi) ↔ (qj , λj), so we finally obtain the off-
shell T -function, i.e. T (x, y,Q21, Q
2
2, Q
2
3), at a total of 21
and 15 points of (x, y) in the xy-plane, respectively. For
each of these, the on-shell function T (x, y) can be ex-
tracted by performing a correlated fit using Eq. (3) with
bootstrap method. Finally, we utilize a cubic spline func-
tion to interpolate these on-shell T (x, y) points. The sur-
face of these resulting interpolating functions T (int)(x, y)
are illustrated in the Fig. 3, together with the original
data points shown in red.
For three-body decays, the decay width is a quantity
4that both experimentalists and theorists are interested in.
Most of the time, however, the total decay width itself
is not directly measurable in experiments. Instead, the
Dalitz plot, which is a distribution of the decay width in
the plane of two kinematic variables, is obtained first. In
the case of J/ψ → 3γ, these are exactly the Dalitz vari-
ables M(γγ)lg and M(γγ)sm that we mentioned, which
are related to the (x, y) kinematic variables via Eq. (4).
Being first-hand data obtained in experiments, Dalitz
plot plays a key role for a three-body final state. As
is well-known, bands that appear in the Dalitz plot indi-
cate that there is an intermediate two-body state. Thus,
nonuniformity in the Dalitz plot can offer immediate in-
formation on the cross section |M|2. As we will illustrate
below, this can be related to the on-shell T -function that
we compute on the lattice.
FIG. 4. The contour plot of Ens.I is shown in both (x, y) vari-
ables (left) and in the corresponding Dalitz variables (right),
the two are related by Eq. (4). Plots for Ens.II are similar.
It is seen that, the relation between the Dalitz variables
and the pair (x, y) as indicated in Eq. (4), maps the upper
right triangular region of unit square in the (x, y) plane
onto a corresponding region in (M(γγ)sm,M(γγ)lg)
plane in the Dalitz plot. The shape of the region in the
Dalitz variables is not regular but this is exactly what is
measured in the experiments, see e.g. Fig.1 (d) in Ref. [5].
As we have obtained the interpolating functions
T (int)(x, y) illustrated in the Fig. 3, we illustrate the
mapping from (x, y) plane to the Dalitz variables plot
as suggested in Eq. (4). This is shown in Fig. 4 in the
case of Ens.I. On the left is the contour plot of the in-
terpolated function T (int)(x, y) while on the right is the
corresponding one in Dalitz variables. To further obtain
the total decay width for the process, one needs to either
integrate the function T (x, y) in the (x, y) plane, or doing
the corresponding integration in the Dalitz variables.
Before we integrate the function to give the final decay
rate, let us make the following comments:
i) We have computed the connect diagram as shown
in Fig. 1. This diagram can in principle also in-
clude the physical process J/ψ → γηc → γγγ as
well. Therefore, in order to make comparison with
the experiments, we need to remove such contribu-
tions from our lattice data. It is easily verified that
this corresponds to the corners of the triangle in
the (x, y) plane. In the experiments, these are also
the regions where the major background comes in.
To remove these contributions, we need to make
definite cuts as the experimentalists did, see e.g.
Ref. [4,5]. For example, we cut the three corners
by the condition M(γγ)lg < 2.9 GeV, resulting in
a deduction of 0.031 eV in Ens.I and 0.034 eV in
Ens.II in the final results for Γ(J/ψ → 3γ) shown
in Eq. (5) below, which are from the region x ∈
[0, 0.1], y ∈ [1−x, 1] and x ∈ [0.9, 1], y ∈ [1−x, 0.1]
both in two ensembles.
ii) No obvious bands found on the vertical re-
gion, especially for the range M(γγ)sm(GeV ) ∈
[0.1, 0.16],[0.5, 0.6],[0.9, 1](GeV ), which correspond
to the dominant sources γpi0, γη, γη
′
in experi-
ments [4,5]. This is understandable because such
contributions are excluded in the connected dia-
gram of J/ψ decay in Fig. 1.
Now we proceed to integrate T -function surface over
the physical region and finally arrive at the decay width
of J/ψ → 3γ,
ΓI(J/ψ → 3γ) = 1.499(15)(243) eV
ΓII(J/ψ → 3γ) = 1.681(47)(274) eV . (5)
Here the first errors are statistical and second are our es-
timates for the systematics. The statistical ones contain
the errors from current renormalization factor ZI,IIV =
0.6347(26), 0.6640(27) which are computed using a ra-
tio of three-point function over two-point functions as in
Ref. [14] and the errors from on-shell fitting process as
suggested in Eq. (3). The systematic errors are from the
cubic spline interpolation process, which are obtained by
estimating the integrating results of T (int)(x, y) in xy-
plane without original data points, in particular in the
region of x ∈ [0.1, 0.3], y ∈ [1−x, 1] and x ∈ [1−y, 1], y ∈
[0.1, 0.3] for both ensembles.
The branching fraction, if the uncertainty of J/ψ to-
tal width being ignored, is given by BI,II(J/ψ → 3γ) =
(1.614± 0.016± 0.261)× 10−5, (1.809± 0.051± 0.295)×
10−5, which are consistent with both the results of
CLEOc and BESIII Collaboration within 3σ accuracy.
We emphasize that, since we have only two lattice spac-
ing values, we cannot make the continuum extrapolation
in a controlled fashion. This is another source of system-
atic error that needs to be taken into account. However,
the two values at two lattice spacings indicate that, this
is likely within our current estimate for the systematic
errors.
Discussions – As we have said, the Dalitz plot is usu-
ally the first obtained observable for three-body decays.
Therefore, it is instructive to present the Dalitz plot di-
rectly which offers a more detailed comparison of the lat-
tice result and the experiment. For this purpose, we de-
5fine a normalized T -function distribution density T˜ (x, y)
as
T˜ (x, y) =
T (x, y)∫ 1
0
dx
∫ 1
1−x dyT (x, y)
, (6)
which can be viewed as probability density in the (x, y)
plane. The corresponding Dalitz plot can also be gener-
ated by drawing random samples using this probability
distribution.
FIG. 5. The left panels are the samplings with probability
density given in Eq. (6), with N = 381 (top) and N = 3190
(bottom) samples, respectively. The right panels are the cor-
responding Dalitz plots.
Taking results from Ens.I as an example, in Fig. 5 we
illustrate the distribution of data points drawing from
probability distribution T (x, y) defined in Eq. (6) with
N = 381 and N = 3190 random samples. On the left, we
show the distribution in (x, y) variables, taking N = 381
(top) and N = 3190 (bottom) samples, respectively. The
right panels show the corresponding Dalitz plots. Note
that the number N = 381 is almost the same as J/ψ
events observed in BESIII. The Dalitz plot for this low
statistics resembles that in BESIII experiment qualita-
tively. So we expect BESIII would be able to observe the
features with higher statistics in Fig. 5 in the future with
1.39× 109 J/ψ events already collected.
To summarize, the method advocated in this partic-
ular lattice calculation can also promote other similar
lattice computations. By summing over final and initial
state polarizations, we obtain directly the distribution of
the partial decay width in the corresponding Dalitz plot,
which can be compared directly with the experiments. In
principle, we could also keep the information of the initial
polarization of the J/ψ particle. One could also contem-
plate to generalize it to other hadronic decays with three
particles in the final state. As a side remark, this method
can be easily applied to processes like ηc → γγ.
Conslusions – Using lattice QCD, an exploratory cal-
culation of rare decay rate Γ(J/ψ → 3γ) is presented.
We obtain the branching fraction BI,II(J/ψ → 3γ) =
(1.614±0.016±0.261)×10−5, (1.809±0.051±0.295)×10−5
with lattice spacing a ' 0.085 fm(I) and 0.067 fm(II), re-
spectively. The result is consistent within 3σ level with
the two existing experimental ones from CLEOc and BE-
SIII.
Instead of parameterizing the matrix relevant matrix
element with form factors, we evaluate the squared ma-
trix element which is directly related to the physical de-
cay width. We could also obtain the distribution of the
partial decay width in terms of two kinematic variables
that is directly related to the Dalitz plot in experiments.
For the decay J/ψ → 3γ we also predict the Dalitz plot
structure with more statistics, which could be tested by
BESIII Collaboration in the future.
The authors would like to thank Prof. Xu Feng at
Peking University and Prof. Luchang Jin at University
of Connecticut for helpful discussions. The authors also
benefit a lot from the discussions with the members of
the CLQCD collaboration. The numerical work of were
carried out on Tianhe-1A supercomputer at Tianjin Na-
tional Supercomputing Center. This work is also sup-
ported in part by the DFG and the NSFC through funds
provided to the Sino-Germen CRC 110 “Symmetries and
the Emergence of Structure in QCD”, DFG grant no.
TRR 110 and NSFC grant No. 11621131001.
[1] S. G. Karshenboim , Int. J. Mod. Phys. A 19, 3879(2004).
[2] K. Hagiwara, C. B. Kim and T. Yoshino, Nucl. Phys. B
177, 461(1981).
[3] A. Czarnecki and K. Melnikov, Phys. Lett. B. 519, 212
(2001).
[4] G. S. Adams, et al.[CLEO Collaboration], Phys. Rev.
Lett 101, 101801(2008) .
[5] Ablikim, et al.[BESIII Collaboration], Phys. Rev. D
87,032003(2013).
[6] G. T. Bodwin, E. Braaten and G. P. Lepage, Phys. Rev.
D 51,1125(1995)[Erratum-ibid. D 58,5853(1997)].
[7] Feng, Feng and Jia, Yu and Sang, Wen-Long, Phys. Rev.
D 87, 051510(2013).
[8] E. Braaten and Y. -Q. Chen, Phys. Rev. D 57,
4236(1998)[Erratum-ibid. D 59,079901(1999)].
[9] P. B. Mackenzie and G. P. Lepage, Phys. Rev. Lett 47,
1244(1981).
[10] W. -Y. Keung and I. J. Muzinich, Phys. Rev. D 27,
1518(1983).
[11] W. Kwong, P. B. Mackenzie, R. Rosenfeld and J. L. Ros-
ner, Phys. Rev. D 37, 3210(1988).
[12] Ji, Xiangdong and Jung, Chulwoo, Phys. Rev. Lett 86,
208(2001) .
[13] Ji, Xiangdong and Jung, Chulwoo, Phys. Rev. D 64,
034506(2001).
6[14] Jozef J. Dudek,Robert G. Edwards and David G.
Richards, Phys. Rev. D 73, 074507(2006).
[15] Jozef J. Dudek, and Robert G. Edwards, Phys. Rev. Lett
97, 172001(2006).
[16] Ting Chen, et al.[CLQCD Collaboration], Eur. Phys. J.
C (2016) 76: 358.
[17] E. W. N. Glover and A. G. Morgan, Z. Phys. C 60,
175(1993).
[18] Adkins, Gregory S, Phys. Rev. Lett 76, 4903(1996).
[19] P. Boucaud, et al.[ETMC Collaboration], Phys. Lett. B
650, 304(2007).
[20] M. D. Schwartz, Quantum Field Theory and the Stan-
dard Model(2014).
[21] M. Tanabashi, et al.[Particle Data Group], Phys. Rev.
D 98, 030001 (2018).
